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Abstract 
In this paper, results of theoretical considerations of calculations of anisotropy loaded beams are presented. Analytic relations between 
displacements of the beam axis, deformations of the beam, area of transversal section and Young’s modulus and external loads are used 
for calculation of beams. The equations derived herein can be used for calculation of large displacements of beams of any curvature. New 
analytical dependences presented in this paper, was based on equations between the load and the bending moment  for a loaded straight
beam which was derived in 1956 by Bjorklund [1] and Rakowski and Solecki [2].
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Nomenclature 
M bending moment (Nm) 
E Young’s modulus (Mpa) 
J  inertia moment of transverse section (m4) 
F load (N) 
χ   curvature of the beam (m) 
σ  normal strain (Mpa) 
U radial dislocation of the beam axis (m) 
V periphery dislocation of the beam axis (m) 
A   cross-section (m2) 
X,Y co-ordinate system 
ξ ξ ξ1 2 3, ,  co-ordinate system
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1. General idea 
The following differential equations are the basis of analysis of perpendicular displacements within the range of small 
linear deflections or large non-linear deflections of straight beams: 
• linear deflections  
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Analytic relations describing the dependences between the displacement of the beam, deformation of the beamε , the 
area of the transversal cross-section A, Young’s modulus and external loads are used to calculate beams of any curvature. 
Figure 1 illustrates the above mentioned loads in the left-hand co-ordinate system.  
  
Fig. 1. Left-hand co-ordinate system ξ ξ ξ1 2 3, ,  and unit vectors  e e e1 2 3
_ _ _
, , .
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Analytical dependences between the load F and the bending moment M for a loaded beam are derived as follows [1-2]: 
• deformation (geometrical relationship): 
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• normal force (physical relationship): 
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•  bending moment (physical relationship): 
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where:  
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From the geometrical relationship (3) it follows that: 
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For the purpose of comparison referred to further on in the paper, it is better to present equations (4-5) in the form: 
U
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It follows from equation 10 that its left-hand side is equal to the derivative of the angle of rotation. If χ = 0  and J J' = , 
then a well-known equation for straight beams is obtained ( )dxds = : 
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2. Non-linear theory, geometrical and physical relationships 
The next part of the article introduces new analytic relationships which were developed for the radial displacement U and 
the circuit displacement V of the axis of a curved beam, deformation ε , beam section A, Young’s modulus and external 
loads. The new relations were introduced on the basis of differential geometry.  
The displacement P
_
 of any point of the beam axis can be described by the following equation: 
_
2
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and its increment by: 
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The linear size of the increment of displacement d P
_
equals:
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The angle of rotation of the beam section (γ ) is contained is between the unit vector ( e1 ) tangential to the axis of the beam 
(Fig.2) and vector ( t
_
) tangential to the deformed axis is expressed by the following equation: 
3
_
2
1
¸¸
¸
¹
·
¨¨
¨
©
§
+−
¸¸
¸
¹
·
¨¨
¨
©
§
+= V
ds
dUV
ds
dU χχγ                                                               (16) 
And an increase of the angle of rotation of the beam section can be calculated by:
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In this equation: 
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Fig. 2. Geometrical model of rotation angle of crooked beam section
And then: 
undeformed 
axis 
deformed axis 
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The length ( dsβ ) of the deformed fibre distant from the axis of the beam by  ( 2ξ− ) consists of: 
• The length of undeformed fibre dsddsdsA )1()( 22 χξαξ −=−=  (Fig.3),  
• An extension of the beam axis referred to this fibre dsU
ds
dVPd
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Fig. 3. Auxiliary diagram for calculation of ( )AdS
The deformation ε  can be expressed by the equation below: 
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The geometrical relationship between deformations, displacements and curvature as well as the location of the fibre under 
consideration is described by the equation: 
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Two physical relationships follow from the conditions of equilibrium of internal ( εσ E= ) and external strengths in the 
beam section. 
One of these relationships, the bending moment, can be described by the equation (see equation 5): 
°°
°°
°
¿
°°
°°
°
¾
½
°°
°°
°
¯
°°
°°
°
®
­
¸¸
¸
¹
·
¨¨
¨
©
§
−−
»»
»
¼
º
««
«
¬
ª
¸¸
¸
¹
·
¨¨
¨
©
§
++
++
= U
ds
dV
V
ds
dU
V
ds
d
ds
dV
ds
Ud
EJM χχ
χ
χχ
2
3
2
2
2
'
1
                                                             (22) 
For comparison, it is better to write both the physical relationships in the form: 
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Thus, equations combining large displacements with the dimensions of the beam section , curvature and the physical 
property ( Young’s modulus ) are obtained. 
3. Summary 
The above leads to the following conclusions: 
• Equations (24) and (23) can be used for calculation of large displacements of beams with any curvature, including 
composite beams. 
• If 0=χ  and J ' = 0  are put into equation 24, an equation for straight beams is obtained (compare with eq. 2). 
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• Omittin angle of rotation of section 0
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dU χ  in equation (24) yields equation (10), which describes small 
displacements of crooked beams. 
• The degree of generality of equation (21) is considerable. Equation (21) combined with equation (25) 
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can be used for calculations of curved beams of small and large curvature. 
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